Abstract. In the paper we prove that there exists a simultaneous reduction of one-parameter family of mn-primary ideals in the ring of germs of holomorphic functions. As a corollary we generalize the result of A. Płoski [6] on the semicontinuity of the Łojasiewicz exponent in a multiplicity-constant deformation.
Introduction
Let R be a ring and I an ideal. We say that an ideal J is a reduction of I if it satisfies the following condition: J ⊂ I, and for some r > 0 we have I r+1 = JI r .
The notion of reduction is closely related to the notions of HilbertSamuel multiplicity and integral closure of an ideal.
Recall that if (R, m) is a Noetherian local ring of dimension n and I is an m-primary ideal of R, then the Hilbert-Samuel multiplicity of I is given by the formula e(I) = n! lim k→∞ length R R/I k k n .
For the multiplicity theory in local rings see for example [5] or [2] . Let I be an ideal in a ring R. An element x ∈ R is said to be integral over I if there exists an integer n and elements a k ∈ I k , k = 1, . . . , n, such that x n + a 1 x n−1 + · · · + a n = 0.
The set of all elements of R that are integral over I is called the integral closure of I, and is denoted I. If I = I then I is called integrally closed. It is well known that I is an ideal.
The relationship between the above notions is given in the following Theorem due to D. Rees:
Theorem 1 (Rees, [2, Cor. 1.2.5, Thm. 11.3.1]). Let (R, m) be a formally equidimensional Noetherian local ring and let J ⊂ I be two m-primary ideals. Then the following conditions are equivalent:
1. J is a reduction of I; 2. e (I) = e (J);
It is an important fact that a reduction of an ideal is often generated by a system of parameters. More precisely we have Let (O n , m n ) be the ring of germs of holomorphic functions (C n , 0) → C. The aim of this note is to prove the following:
In the next section we get as a corollary that if the above family (F t ) O n is of constant multiplicity then the Łojasiewicz exponent in this family is a lower semicontinuos function of t. A. Płoski proved this result under additional restriction m = n but with space of parameters of arbitrary dimension.
The proof of Theorem 3 is based on some geometric property of HilbertSamuel multiplicity, given in section 3.
Semicontinuity of the Łojasiewicz exponent
Let (R, m) be a local ring and let I be an m-primary ideal. By the Łojasiewicz exponent L(I) of I we define the infimum of
It was proved in [3] 
is a holomorphic map with an isolated zero at the origin and I := (F ) O n , then L (I) is an optimal exponent ν in the inequality
where C is some positive constant and x runs through sufficiently small neighbourhood of 0 ∈ C n .
Proof. Obviously L(I) L(J). Assume that m p ⊂ I q . Since J is a reduction of I, then also J q is a reduction of I q [2, Prop. 8.1.5]. Thus J q = I q by Theorem 1, which gives m p ⊂ J q . This proves the inequality L(J) L(I) and ends the proof.
Proof. By Theorem 3 there exists a linear map π :
and e (J t ) = e (I t ) by Theorem 1 and Lemma 4. Consequently t → e (J t ) is constant and finite and the assertion follows from the case m = n proved by A. Płoski.
Improper intersection multiplicity
Let I be an m n -primary ideal of O n and let f 1 , . . . , f m be its generators. We put f = (f 1 , . . . , f m ). It is well known that if m = n then
On the other hand, if m > n then we may define so-called improper intersection multiplicity i 0 (I) of I as the improper intersection multiplicity i(graphf · (C n × {0}); (0, 0)) of graphf and C n × {0} at the point (0, 0) ∈ C n × C m (see [1] ). Let C f be the (Whitney) tangent cone of the germ of the image of f at the origin. The following observation is due to S. Spodzieja.
Theorem 6 ([7]). The number i 0 (I) is well defined. Moreover, if
is a linear map such that ker π ∩ C f = {0}, then the ideal J generated by π • f is m n -primary and we have i 0 (I) = i 0 (J). If additionally l = n then i 0 (I) = e(J).
Corollary 7.
If I is an m n -primary ideal in O n , then i 0 (I) = e(I).
Proof. Let I = (f 1 , . . . , f m )O n . By Theorems 2 and 6 there exists linear combinations g i = a ij f j , i = 1, . . . , n such that J = (g 1 , . . . , g n )O n is a reduction of I, {g 1 , . . . , g n } is a system of parameters of O n and i 0 (I) = i 0 (J) = e(J). From Theorem 1 we get e(I) = e(J). This ends the proof. Proof. We have J ⊂ I and e (J) = e (I). This and Theorem 1 give the assertion.
Elementary blowing-up
Here we recall the notion of an elementary blowing-up after [4] .
Let U ⊂ C n be an open and connected neighbourhood of 0 ∈ C n ; let f = (f 0 , . . . , f m ) = 0 be a sequence of holomorphic functions on U . Put S = {x ∈ U : f (x) = 0} and Proof. Although the above proposition is well known, we think that point (4) is worth proving. Let us consider the analytic map
Let y 0 , . . . , y m be coordinates in C m+1 . If we denote by π m+1 : Π m+1 → C m+1 the blowing-up of C m+1 by means of y 0 , . . . , y m then for the restriction f = F |Y we get the following commutative diagram of analytic maps:
Thus there exists a neighbourhood ∆ ⊂ U × P m of (x 0 , u 0 ) and an analytic set V ⊂ ∆ of pure dimension n + m − 1 such that
This gives
Since Y is irreducible and π −1 (S) Y we get that dim p π −1 (S) = n − 1 for any p ∈ π −1 (S). This ends the proof.
Proof of Theorem 3
Lemma 10. Let F : (C n × C, 0) → (C m+1 , 0), m n be a holomorphic map. Assume that 0 is an isolated point of F −1
Proof. Let F : U → C m+1 , where U ⊂ C n × C is a connected neighbourhood of the origin. Put S = {(z, t) ∈ U : F (z, t) = 0} and let π : U × P m ⊃ Y → U be the elementary blowing-up of U by F . By Proposition 9 its exceptional set E := π −1 (S) is an analytic set of pure dimension n. Let E be a set of those irreducible components W of E for which origin in C n+1 is an accumulation point of π(W ) ∩ ({0} × C). Then E is finite. Denote by C Ft the image of the cone C Ft in P m . Observe that
On the other hand for any W ∈ E we have
Thus there exists ǫ > 0 and an open set G ⊂ P m such that
As a result if V is a line in C m+1 corresponding to some point in G then V ∩ C Ft = {0} for 0 < |t| < ǫ. Since G is not a subset of C F0 we get the assertion.
Proof of Theorem 3. Induction on m. In the case m = n there is nothing to prove. Let us assume that the assertion is true for some m n and let F : (C n × C, 0) → (C m+1 , 0) be a holomorphic map such that the ideals (F t ) O n are m n -primary. By Lemma 10 there exists ǫ > 0 and a linear mapping π ′ : C m+1 → C m such that ker π ′ ∩ C Ft = {0} for |t| < ǫ. Thus, by Corollary 8 the ideal (π ′ • F t ) O n is a reduction of (F t ) O n . On the other hand, by induction hypothesis, there exists a linear map π ′′ : C m → C n such that (π ′′ • π ′ • F t ) O n is a reduction of (π ′ • F t ) O n for small t. Thus if we put π := π ′′ • π ′ we get the assertion.
